We identify optimal measurement strategies for phase estimation in different scenarios. For pure states of a single qubit, we show that optimal measurements form a broad set parametrized with a continuous variable. When the state is mixed this set reduces to merely two possible measurements. For two qubits, we focus on the symmetric Werner state. We find an optimal measurement and show that estimation from the population imbalance is optimal only if the state is pure. Finally, for a pure state of N qubits, we finds under which conditions the estimation from the full N -body correlation and from the population imbalance are optimal.
We identify optimal measurement strategies for phase estimation in different scenarios. For pure states of a single qubit, we show that optimal measurements form a broad set parametrized with a continuous variable. When the state is mixed this set reduces to merely two possible measurements. For two qubits, we focus on the symmetric Werner state. We find an optimal measurement and show that estimation from the population imbalance is optimal only if the state is pure. Finally, for a pure state of N qubits, we finds under which conditions the estimation from the full N -body correlation and from the population imbalance are optimal.
I. INTRODUCTION AND OUTLINE
Quantum interferometry aims at estimating an unknown phase θ with the smallest possible uncertainty ∆θ [1, 2] . The estimation scheme generally consists of three steps: a quantum stateρ 0 of N particles is prepared, phase shifted by the interferometric device and finally measured. The procedure is repeated with m copies of ρ 0 . The measurement results are used to infer θ as the value of the estimator θ est . According to the Cramer-Rao Lower Bound (CRLB), the mean square fluctuation of the estimator, giving the sensitivity of the phase estimation, is bounded by the inverse of the Fisher Information, ∆θ 1 √ mF [3, 4] . The value of F is determined by all the three steps of the interferometric sequence, namely the stateρ 0 , the phase acquisition and the estimation. When the N particles formingρ 0 are uncorrelated, then the Fisher Information is bounded by the Shot-Noise Limit (SNL), i.e. F N [5, 6] . Nevertheless the SNL can be surpassed whenρ 0 is entangled [6] [7] [8] [9] , up to the Heisenberg limit F = N 2 when the phase is imprinted on the NOON state |ψ = 1 √ 2 (|N 0 + |0N ). Sensitivities below the SNL has been experimentally achieved with ions [10] , photons [11] , cold [12] and ultracold [13] [14] [15] [16] [17] [18] atoms. However, the choice of potentially useful entangled input state must be accompanied with a proper measurement, such that gives highest possible value of F and thusvia the CRLB -minimal ∆θ. The maximal value of F (with respect to all possible measurements) for a givenρ 0 is called the Quantum Fisher Information (QFI) [3, 19] and will be denoted by F Q . Although in many cases, especially whenρ 0 is a pure state, it is relatively simple to calculate the F Q , it is usually difficult to tell which is the optimal measurement such that gives F = F Q .
In this work we identify optimal measurements in different two-mode interferometric systems. We start in Sec. II with the simplest possible two-mode object, which is a single qubit. We find optimal measurements, when the interferometric transformation is a rotation of the state on the Bloch sphere by an unknown angle θ. While for pure statesρ 0 , there is a whole continuity of optimal estimation strategies, they boil down to only two possibilities whenρ 0 is mixed. For two qubits such general considerations are not possible anymore, so in Sec. III we use a particular example, namely the symmetric Werner state. We find the optimal measurement and discuss the precision which can be reached when the phase is estimated from the population imbalance between the two modes. Finally, in Sec. IV we show under which conditions the estimation from the population imbalance or the N -th order correlation function is optimal, using Nqubit pure state at the input. We conclude in Sec. V.
II. SINGLE QUBIT
We begin our analysis of the optimal estimation strategies with a most basic two-mode object, namely a single qubit, which is rotated on the Bloch sphere by an unknown angle θ. As will be shown below, in this case a full family of optimal measurements can be identified, both for pure and mixed states.
A. General formulation
The density matrix of a single qubit can be represented as a combination of a scalar and three Pauli matriceŝ
Depending on the length s in of the vector s in , the state is either pure (s in = 1) or mixed (s in < 1).
In the scenario considered here, this generic initial stateρ in undergoes a unitary phase-dependent interferometric transformationÛ (θ). To establish the analogy between the N -qubit Mach-Zehnder Interferometer (MZI) and a single-qubit operation, we notice that the former case is represented by a unitary transformation
HereĴ y = N i=1σ
2 is a sum of y-component Pauli matrices acting on the i-th particle. Clearly, a single-qubit analogy of the MZI iŝ
which transforms the initial density matrix intô
where the three components of the rotated vector are
Note that we have omitted the explicit dependence ofρ on the phase θ -in order to simplify the notation.
B. Classical and quantum Fisher information
We find the optimal estimation phase estimation strategies by considering the broadest set of measurements allowed by quantum mechanics. The elements of this set are described in terms of the POVMs (PositiveOperator Valued Measures) [3] , which are self-adjoint and have non-negative eigenvalues. For a single qubit, any POVM can be represented by the following operator
where | q| 1 and furthermore
The trace of the product of the POVM (6) and the density matrix gives the probability for finding the qubit aligned along q on the Bloch sphere,
The precision of the phase estimation from a series of m measurements is limited by the Cramer-Rao Lower Bound [3, 4] 
where F is called the Classical Fisher Information (CFI) and is equal to
The CFI, which is a measure of information about θ contained inρ, depends on the particular choice of measurement -some methods of estimating θ are better than other. The optimal measurements are those which give the maximal value of F , called the Quantum Fisher Information (QFI) [19] -and through Eq. (9) maximal precision of phase estimation.
The maximization procedure of (10) can be performed analytically [19] and the resulting QFI for unitary transformations, denoted as F Q is
Hereĥ is a generator of the phase transformation, which according to Eq. (3) isĥ =σ y 2 . The ket |k denotes the kth eigen-vector of the density matrixρ from Eq. (5) with a corresponding eigen-value p k . For this 2×2 matrix, the eigen-problem is easily solved and we obtain
Using the expressions from Eq. (5), we note that the QFI does not depend on θ and the maximum F Q = 1 is achieved with pure states with s y = 0.
C. Optimal measurements
Next, we determine which are the optimal measurements, which give (12) . As shown in [19] the POVM is optimal if and only if it satisfies the condition E qρ = λ qÊ qLρρ (13) with λ q ∈ R. The super-operatorLρ is called the symmetric logarithmic derivative and is defined by a relation
The optimal measurements are found in two steps. First, by declaring the general form of the symmetric logarithmic derivativeLρ
and using the definition (14) we get that α = 0 and s ⊥ = s z e x − s x e z . This result justifies the notation, since
In the second step we insertLρ into (13), and use the general parametrization of the POVM (6). By comparing the scalar and vector parts and then the real and imaginary parts we obtain a set of equations
From (16a) we deduce that q lies in the plane spanned by vectors s and s ⊥ , so it can be written as q = q 1 e s + q 2 e s ⊥ . Here, e s and e s ⊥ are unit vectors pointing into directions s and s ⊥ . This observation reduces the set of eight equations (16) to
This set of four equations for three variables q 1 , q 2 and λ q is non-contradictory when two of these equations are linearly dependent. When the state is pure (s = 1), the last two equations (17c) and (17d) are equivalent and the solution is q 2 1 + q 2 2 = 1. Thus for pure states there is a continuous set of optimal POVMs (6) parametrized by a vector q which lies on a circle of unit radius. If the state is mixed (s < 1), the last two equations are non-contradictory only if q 1 = 0 and the other two equations give q 2 = ±1. This is a dramatic difference when compared to the pure state case -a continuous set of POVMs reduces to just two possibile projection operators, see (6) are optimal. The vector s ⊥ is orthogonal to s and lies in the x − z plane. For pure states, when | s| = 1, the optimal POVMs lie on a unit circle (blue) in the plane spanned by s and s ⊥ . For mixed states, for which | s| < 1, only two vectors on circle, denoted by black dots, form the set of optimal POVM.
Finally, we point that when the logarithmic derivative is known, some subset of optimal measurements is given by the projection operators onto the eigen-states ofLρ. In the case of a single qubit, this procedure gives only the q 1 = 0, q 2 = ±1 projectors, even for pure states.
D. Estimation from the population imbalance
In an N -qubit MZI, usually the phase is estimated from the population imbalance between the two arms of the interferometer. Here we show under which conditions this estimation strategy is optimal in the simplest onequbit case.
The population imbalance POVMs are two operatorŝ
which project the stateρ on either of the two modes. The corresponding probabilities of detecting the qubit in one of the arms are
According to Eq. (10) and using the θ-dependence of the vector s from Eq. (5), we obtain that the CFI for the estimation from the population imbalance is
This CFI saturates the bound of the QFI from Eq. (12) when either (a) s
is true, the state is pure, and the CFI does not depend on θ. In other words, for any initial pure stateρ in lying in the x − z plane, the population imbalance measurement is optimal for the phase estimation. When the state is mixed, only (b) can be true and then for every θ there is only one orientation ofρ in , which gives s z = 0.
This once again shows how the optimal estimation strategies change abruptly as soon as the state is mixed. While there is a continuum of pure states, which when used for the phase estimation from the population imbalance give maximal value of the CFI, there is only one such mixed state for each θ.
III. TWO QUBITS
In this section, we extend the analysis of the optimal estimation strategies to two spin-1 2 bosons. A general density matrix of such system with its eight independent parameters, it too difficult to investigate. However there is a set of "Werner" states [20] , which are described with a single real coefficient α. These states have a particularly simple formρ
whereΠ TF = 1, 1 1, 1 is a projection over the TwinFock state. The ket |1, 1 denotes a state where each mode of the interferometer is occupied by one particle. When α varies from 0 to 1,ρ changes from a complete mixture, which is useless for the parameter estimation, to a strongly entangled pure Twin-Fock state, which provides sub SNL in the Mach-Zehnder interferometer [21] . Werner states are a narrow subset of all possible two spin-1 2 bosonic states, nevertheless -as we show belowthey provide valuable insight into the optimal estimation strategies in quantum metrology.
In analogy to the previous section, we use a generic linear interferometric transformation
The "composite" angular momentum operators are a sum of corresponding single-particle Pauli matrices, i.e.Ĵ i = 1 2σ
(1)
i , where i = x, y, z and the upper index labels the particles.
First, we calculate the QFI, using the expression from Eq. (11). The Werner state written in the mode occupation basis is already diagonal and readŝ
Since the generator of the phase transformation from
Eq. (22) isĥ = n · Ĵ , then according to Eq. (11) evaluation of the QFI is straightforward and we obtain
Note that the z-component of the generator does not contribute to the QFI, becauseρ w is invariant upon rotation around the z axis. The QFI depends only on the length of the projection of the vector n onto the x-y plane. Therefore, it is reasonable to consider only such transformations, which lie in the x-y plane. In this case, the value of the QFI depends only on the length of the vector n. Thus, without any loss of generality in the remaining of this Section we can restrict to the MZI transformation U (θ) = exp −iθĴ y . If so, the QFI is simply equal to
As anticipated at the beginning of this section, F Q (0) = 0. If the Werner state is transformed by a collective rotation as in Eq. (22) , then according to the criterion of the QFI for this interferometer, the symmetric Werner state is usefully entangled, when α 2 3 . In the extreme case, for a Twin-Fock state α = 1, we obtain the Heisenberg scaling, i.e. F Q (1) = 4. This result can be compared with the concurrence [22] , the entanglement measure for two qubits, which tells that the state (21) is entangled already when α > 
A. Optimal measurements
In the next step, we find the optimal measurements, which saturate the bound set by the QFI (25) . To this end, we determine the logarithmic derivative using Eq. (14) . A simple calculation gives that
whereρ w (θ) = e −iθĴyρ w e iθĴy . In analogy to the singlequbit case, we should now parametrize the POVMs similarly as in Eq. (6) and find the parameters from the condition Eq. (13). However, this procedure gives equations, which cannot be solved in a simple way. Therefore, we restrict to those optimal POVMs, which can be found by the diagonalization of the logarithmic derivative. We write downLρ in the matrix form
and obtain a set of three eigen-states
where
. The optimal measurements depend on θ, have a complicated form. Notice that when θ = 0 the following transformation
is applied to Eq. (27) , it results inV |Ψ 1 = |0, 2 , V |Ψ 2 = |1, 1 andV |Ψ 3 = |2, 0 . In this way, we obtain the eigenstates of theĴ z operator, and the optimal measurement is based on the determination of the population imbalance. Nevertheless, to accomplish this we needed an additional operation (28) on the state. This transformation is non-local -it correlates the particles, since the product of two angular-momentum operators cannot be written as a sum of operators acting on each qubit independently.
B. Estimation from the population imbalance
We now consider a common estimation strategy based on the measurement of the imbalance of the population of the two modes. The CFI defined in Eq. (10) is a sum of three terms,
where p(n|θ) is a probability for finding n particles in one of the modes and 2 − n in the other and is given by p(n|θ) = Tr |n, N − n n, N − n|ρ w (θ) .
Using the the density matrix of the Werner states from Eq. (21) we obtain that p(0|θ) = p(2|θ) = (29) gives
Only for α = 1, when the Werner state is pure, F imb = 4, so it does not depend on θ and saturates the bound of the QFI. As shown in Fig. 2 , for other values of α the estimation from the population imbalance is non-optimal for all values of θ. This is another example, after the single qubit case, of how the estimation strategy, which is optimal for a pure state, immediately deteriorates as soon as the state becomes mixed.
IV. OPTIMAL MEASUREMENTS FOR N-QUBIT PURE STATES
So far, we have identified the optimal measurements for one and two qubits. It is natural to generalize these results and ask which are the optimal measurements for N qubits undergoing a linear interferometric transformation. However, the methods used in the previous two sections, which employed the logarithmic derivativeLρ, cannot be extended to higher N . This is because the mere analytical determination ofLρ becomes cumbersome. Nevertheless, as we show below, for pure N -qubit states, some optimal estimation strategies can be found using the notion of the statistical distance.
A. QFI and the statistical distance
In [19] it is shown how the QFI from Eq. (11) is related to the statistical distance between two neighboring states [23] . Although this general result is valid whenever a parameter is estimated from measurements performed on a θ-dependent state |ψ , below we present this formalism in context of quantum interferometry.
FIG. 3. (Color online)
Schematic representation of the two steps performed to calculate the QFI. The input state |ψ0 , which enters the interferometer, is transformed by a unitary evolution operatorÛ (θ), giving the output state |ψ . To calculate the speed at which the state changes, and thus the statistical distance, we make a further infinitesimal rotation U (θ) to obtain ψ .
To this end, we follow the scheme pictured in Fig. 3 . First, consider a pure two-mode input state |ψ 0 , which is transformed by a unitary evolution operatorÛ (θ) = e −iθĴ k , where k = x, y, z. As a result, we obtain a θ-dependent output state, which when expanded in the basis of mode occupations reads
Here |j is a Fock state with j particles in the left and N −j in the right arm. The neighboring state is found by applying a further infinitesimal transformation e −idθĴ k , which gives
is a result of acting withĴ k on a ket |j and is equal to
where α j = (j + 1)(N − j). The state (33b) can be alternatively written as ψ = N j=0 p j + dp j e i(ϕj +dϕj) |j .
where the probability-and phase-increments are
The distance between two neighboring states is equal to
Finally, the QFI can be interpreted as the speed at which the state changes upon the infinitesimal increment of the parameter θ and therefore it reads
The above result is equivalent to the well known expression for the QFI for pure states F Q = 4∆
2Ĵ
k . However, as will become evident below, for the purpose of finding the optimal measurements, it is more convenient to keep the QFI in the form of Equations (38), i.e. as a sum of two non-negative parts -the change of the probability p j and the variance of the phase increment dϕ j . Namely, if the latter term is zero, then the CFI calculated using the probability p j = | j|ψ | 2 of finding the system in state |j is equal to QFI. This means that no information about θ is carried by the phases ϕ j , which are not witnessed by the projection measurement |j j| and thus do not contribute to probabilities p j .
B. "In-situ" measurements -localized modes
In this section, by referring to Eq. (38), we identify two optimal measurements performed "in-situ", when the particles remain trapped in the two arms of the interferometer and their spatial mode functions do not overlap.
Estimation from the full correlation
As a first example, we consider the phase estimation from the full N -body probability
of finding particles at positions r = (x 1 . . . x N ). The twomode field operator isΨ(x) = ψ a (x)â + ψ b (x)b and the wave-packets are separated in two arms of the interferometer, for instance by imposing ψ a (x) = 0 for x < 0 and ψ b (x) = 0 for x > 0. The θ-dependence of the probability p N (r|θ) comes from the state |ψ from Eq. (32), which is used to calculate the average value of the operatorĜ(r). The estimation sequence relies upon detecting positions of N atoms in m ≫ 1 experiments. If the phase is then obtained from the maximum likelihood estimator, then according to the Fisher theorem, its sensitivity is given by
where F N is the CFI which is equal to
In order to calculate F N we first evaluate the derivative of the probability (39),
The CFI is therefore equal to
We now define Ω µ by saying that r ∈ Ω µ when x 1 . . . x µ < 0 and x µ+1 . . . x N > 0. Using this definition we obtain
where the combinatory factor is due to indistinguishability of particles and stands for all possible choices of µ particles out of a set of N . When r ∈ Ω µ , then for separated wave-packetsĜ(r) |n ∝ µ!(N −µ)! N ! |n δ nµ and the above integral gives
We notice that this expression is equal to the first line of the QFI, see (38a). Therefore, estimation from the N -body probability of trapped particles is optimal only if the other terms in line (38b) vanish, which requires Re η (k) j ≡ 0 for all j. According to Equations (34), this condition can be satisfied only for the rotations around x and y axes. In the other case, Im η (z) j = 0 and thus F N = 0, because the simple phase imprint e −iθĴz requires further mode mixing to provide information about θ.
For the rotation around x-axis, Re η (x) j = 0 if C j = i j a j , while for the y-axis the condition is C j = e iφ a j , where a j ∈ R and φ is a common phase. In particular for φ = 0, the measurement is optimal, when all C j 's are real. Since the elements of the Wigner rotation matrix -which transforms the input state |ψ 0 into the output state |ψ -are all real [24] , we conclude that if the input state of the MZI has real coefficients, the estimation from p N is optimal.
Estimation from the population imbalance
Although phase estimation from the N -body probability is optimal for a wide class of states and rotations around x and y, it has one major flaw -it is unpractical, since it requires sampling of a vast configurational space. We now show, that the same value of the CFI as in Eq. (44) can be obtained, when the phase is estimated from a simple population imbalance measurement.
The probability of having j atoms in the mode a and
Similarly as in Eq. (42), its derivative reads
Therefore, the CFI calculated with (45)
(47) is equal to (44). In consequence, the QFI from Eq. (38) is saturated with the same family of states for the x and y rotations as in the case of the estimation from p N (r|θ). Note that this result, obtained independently in [25] , is a step forward with respect to the work of Hofmann [26] , where the saturation of the QFI bound with the population imbalance measurement was reported for the MZI and symmetric states with C j = C N −j .
C. Measurement after expansion
As argued above, when the interferometer rotates the state around the z-axis, giving a sole phase-imprint, further manipulation is necessary to exchange the information about the phase between the two modes. Here we assume, that this operation is realized by letting the two mode functions ψ a (x) and ψ b (x) expand and form an interference pattern. In such situation, the two modes cannot be distinguished anymore, and it is not possible to define a proper population imbalance operator. Instead, one must estimate θ in some different way. For instance, estimation from the least-squares fit of the onebody probability p 1 (x|θ) = 1 N ψ|Ψ † (x)Ψ(x) |ψ to the interference pattern, although gives sub shot-noise sensitivity when the input state |ψ 0 is phase-squeezed [27] , is never optimal [28] .
Nevertheless, the optimal measurement can be identified and it is the N -body CFI from Eq. (41) which saturates the bound of the QFI under following additional assumptions [29] . First, the information between the two modes must be fully exchanged. This means, that the envelopes of ψ a (x) and ψ b (x) fully overlap and the functions only differ by the phase. This is true if initially ψ a (x) and ψ b (x) are of the same shape but are separated in space and then expand to reach the far-field regime. Another requirement is that the coefficients of the initial state C N −j . States having these properties naturally appear in the context of quantum interferometry with ultra-cold gas trapped in the double-well potential. Namely, the ground state of the symmetric two-mode Bose-Hubbard Hamiltonian for every ratio of the interaction strength U to the tunneling rate J has real and symmetric coefficients C 
where C j = C (0) j e −iθ(j− N 2 ) . As argued in detial in [29] , the CFI from Eq. (41) can be calculated under the aforementioned assumptions and the outcome is
where η (z) j was defined in Eq. (34c). This shows that the estimation from the N -th body correlation in the far field is optimal.
V. CONCLUSIONS
In this work we have identified optimal measurements in various two-mode interferometric system. For a single qubit, we have shown that a continuous set of optimal estimation strategies for pure state reduces to only two possibilities whenρ 0 is mixed. This simple example shows, that the problem of finding optimal measurements is very sensitive to the variations in the input stateρ 0 . We then switched to two qubits and considered an entangled two-mode symmetric Werner state, which depending on parameter α can be either pure α = 1 or mixed α < 1. Again we have derived an expression for the optimal measurement, which requires projecting the output state onto the basis of entangled states of two particles. We have also shown that estimation from the measurement of the population imbalance between the two arms of the interferometer is optimal only for a pure state α = 1. Finally, we considered pure states of N qubits and shown which statesρ 0 allow to reach the bound of the QFI using the measurement of the population imbalance or the N -th order correlation function.
